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Phonon-limited low temperature mobility in a quasi- 
one-dimensional semiconductor quantum1 wire 

G Y Hu and R F O’Connell 
Department of Physics and Astronomy, Louisiana State University, Baton Rouge, 
LA 70803-4001, USA 

Received 15 October 1990, in h a l  form 11 February 1991 

Abstract. We derive an analytic expression for the imaginary part of the den- 
sity response function for a quasi-one-dime~ional.emiconductorquantum wire with 
multi-populated subbands a t  fiilite temperature. The acousti~pl,ono,i-limt~d low 
temperature mobility of the system is then calculated by means of the memory func- 
tion formalism. neglecting electron-electron interactions. The phonon-limited r e k -  
ation rate is found to have a temperature dependence of T”CT) and we emphasize 
the temperature dependence of n. In fact the lower the temperature the larger is the 
II value but, in general, we find that 0 < n(T) < 2. Also, it depends on the electron 
density in such a way that whenever the Femli velocity of the electrmu in the top 
populated subband is close in magnitude to the sound velocity the phonon-linlited 
relaxation rate reaches a peak value which also increases with increasing electron 
density. 

In recent years, the study of semiconductor quantum wires has attracted much atten- 
tion both theoretically and experimentally (for a review see [l] and references therein). 
Such systems can be fabricated with very high electron mobilities [Z], leading to pos- 
sibilities for device applications. In a semiconductor quantum wire, the Fermi wave- 
length is in the order of the wire width, and electrons occupy multiple suhbands in 
quasi-one-dimensional ( 4 1 ~ )  states. One of the particularly interesting aspects of 
transport properties in these semiconductor quantum wires is the phonon-limited low 
temperature electron mobility [2-61. This is because with the reduction in the impu- 
rity scattering in the high mobility samples, the phonon scattering is expected to be 
dominant even a t  low temperatures. In addition, it is well known that the QlD elec- 
trons have a peculiar density response behaviour [7] (such as the q = Zk, divergence 
at  T = 0 for the static density response function), which may lead to new physics in 
the phonon scattering problem. 

The subject of the phonon-limited low temperature electron mobility was first 
brought to attention in the study of the two-dimensional electron gas (2DEG) [S-lo], 
where very high mobility samples are possible. To date, there is still great interest 
in deducing the absolute value of the deformation coupling constant by studying the 
acoustic phonon scattering in a 2DEG both theoretically [9] and experimentally [lo]. 
The study of the phonon-limited low temperature mobility in a QlD system is unique 
at  least from the following points of view: 

(i) very high mobility samples are achievable so as to make the dominant region 
of the acoustic phonon scattering much wider; 
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(ii) it has a very distinctive T + 0 behaviour (T2, see the discussions later) 
compared with T’ for a zDEG and T5 for the bulk material; 

(iii) the presence of electrons in multi-subbands may introduce peculiar behaviour 
for the acoustic phonon scattering. These are our motivations for pursuing the fol- 
lowing study of the phonon-limited low temperature mobility in QID scmiconduetor 
quantum wires. 

In the literature, there are already several papers which deal with QlD electron- 
phonon scattering [2-61. These studies are generally explicit only for the single- 
occupied subband case. Besides, a detailed analysis of the temperature and density 
dependence of the electron-phonon relaxation rate is still lacking. The present paper 
is devoted to a systematic study of the phonon-limited low temperature mobility in 
semiconductor quantum wires having multi-populated subbands, with the emphasis 
on a full analysis of the temperature and density dependence. The transport theory we 
will use in this paper is the generalized quantum Langevin equation (GLE) approach 
[ll] which we developed in recent years and which has been used in studying the 
subband effects of the semiconductor quantum wire at  T = 0. The screening effects 
due to the electron-electron interaction will not be discussed in this paper not only 
for simplicity considerations but also because some studies [9] show that a consistent 
description of low 7’ mobility can be given only if the short range deformation scat- 
tering is not screened by free carriers. In addition, since our main concern here is 
the case where the acoustic phonon scattering is dominant, the weak localization due 
to the effects of disorder will be neglected. Also, we mention that there exist many 
studies [12] for the phonon-limited mobility in conducting polymers. The latter study 
is usually based on a Q1D lattice, which is different from that of the semiconductor 
quantum wire. Therefore, no direct comparison between the main conclusion of this 
paper and those of the polymer system [12] will be pursued in the present paper. 

In the GLE approach [13], we visualize the centre of mass of the electrons as a 
quantum particle, while the relative electrons and phonons act as a heat bath, which is 
coupled to the quantum particle through the electron-phonon interaction. By solving 
the Hcisenberg equation of motion for the heat bath variables, we derive the GLE for 
the quantum particle. According to our GLE formalism, the motion of the centre of 
mass of the electrons is like that of a Brownian particle subject to the frictional and 
fluctuation forces in a heat bath, and the mobility can be evaluated directly through 
the memory function formalism. The general expression for the memory function for 
phonon scattering in the free electron model was previously derived by us [13]. Our 
slarting point is the phonon relaxation rate (which is the zero frequency memory 
function) deduced directly from (3.19) of [13]: 

where @ = h/k,T, M ( q )  is the electron-phonon interaction matrix, N is the total 
number of electrons in the system, m* is the effective mass of the electrons, R, is 
the phonon energy, and ImX(q,R,) is the imaginary part of the density response 
function. We note that it is easy to show that, for bulk material, (1) is equivalent 
to the well-known Ziman formula for phonon scattering and leads to the T5 law for 
phonon scattering at  low temperatures. Also we note that (1) is general for all kinds 
of phonon scattering. In the present paper, our main concern is acoustic phonons 1131, 
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in which case one has Qq = u,q, with U, the sound velocity, and also (see (4.1) of [13]) 

where pm is the mass density of the lattice, A is the cross-sectional area of the wire, 
and C is the deformation potential. 

For a Q1D system in the harmonic confinement potential model, and neglecting 
motion in the z-direction, the density response function has the form (see appendix B 
of P11) 

where W is the width, and L is the length of the QlD sample, f k  is the Fermi distri- 
bution function, q being the wavevector along the wire (2-direction) and qf being the 
quantized wavevector along the width (y-direction), SO that  q = (q ,  SI). In addition, 

h2k2 
ek E e k n  = en + - 

2m' 

where en = (n  + i ) h w o  is the subband energy. In addition, the factor due to the 
quantum confinement [11] is 

where I = In - n'l, n1 = max(n,n') ,n2 = min(n,n'), and L?(z) is the Laguerre 
polynomial. 

We find that the imaginary part of (3) can be worked out analytically even at  
finite temperature. The result is 

where 

m w - (n' - n)w,]' 
2 Q 

n + nr 
hA,,, = - [ +- - p + -  2 hwo 

and p is the chemical potential. The temperature dependence of (5) is easily deduced 
as: ImX,,,(q,w) - m / q  for T + 0 and Imxnn,(q,w) - w / T  for T + M, a result 
which will be crucial to our discussion later of the peculiar temperature dependence of 
the phonon-limited mobility for the QID system. Also, since we are mainly concerned 
with T -t 0, we will use the approximation p ss fF, where cF is the Fermi energy, in 
the following. 

Substituting (2)-(5) into (l), and using the continuum approximation E, - 
L/ZaSr dq, where qD is the Debye wavevector, one obtains 
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where 1 = (2Pk,u,)-', 7;' = 2m'C2/Apmv,h, and 

G Y Hu and R F O'Cunnell 

Here s = us/uF,zD = qDus/kBT, and 

Equations (7)-(9) are the key results of the paper. First we analyse the temper- 
ature dependence of (7) for the momentum relaxation rate 7;;; When T -+ 0, the 
integral in (8) becomes temperature independent. Then one obtains from (7) and (8) 
a ~~-i - T2 behaviour, which was previously obtained for a single subband system in 
[6]. What we have shown here is that  the low temperature dependence of the phonon- 
limited mobility for a multi-subband system has a low temperature behaviour similar 
to that of a single subband system. In our formalism, one can easily show that the 
corresponding two- and three-dimensional results have 7;: depending on TP and T5, 
respectively and also that ImX(q,w) is independent of q (approximately in the two- 
dimensional case) and w as T * 0. The peculiar T2 behaviour of the QID momentum 
relaxation rate is a combined effect of the low dimensionality and the unique property 
of ImX(q,w) - m/q at T -t 0 as can he seen from (5). Apart from the fact that the 
impurity scattering is small in high mobility samples, the role of the phonon-limited 
mobility in the QID case is more significant compared with the twc-dimensional case 
since the respective low temperature behaviours are TZ and T4. 

In the T -t CO limit, it is more convenient to analyse the behaviour of 7;: directly 
from (1). In this limit, pcosech2PR,/2 has a T dependence whereas ImX(q,Rq) has 
a T-' dependence. As these two factors cancel out, the momentum relaxation rate 
7p;1 in our QID model is temperature independent in the very high temperature limit. 
I t  is clear that  our conclusions hold regardless of the number of subbands. We also 
stress that  the temperature independence of 7;' for the QID system at T -+ m is 
different from that of the bulk system where 7;' - T. On the other hand, as our 
quantum description of the QID system clearly breaks down in the k,T > hw, limit, 
this analysis will only serve for the purpose of understanding the behaviour of the 
system in the intermediate temperature region, which we discuss later. 

At this stage it is perhaps useful to compare our results with those in 161. In the 
latter work, only a numerical evaluation of 7;' in certain temperature regions was 
performed (see figure 2 of 161) and no T -+ m behaviour was extracted. We have, 
however, used the analysis of [6] to verify that similar results emerge for the one 
subband case (which is the only case treated by these investigators). 

In the intermediate temperature range 8, < kBT < hw,, where 0, is the DeLye 
temperature, one expects from these considerations that 7;' - T"(T) with 0 < n(T) < 
2 and the higher T the smaller the n(T) value. This can be demonstrated by a 
numerical study of (7) .  In figure 1, we plot 7 . '  in units of 7;' (defined by (7)) as a 
function of kBT (in units of hw,), at three different values of cF/hwo = 2.1, 2.5, 2.9, 
where we use the standard parameters (which are insensitive to the shape of the 7;' 
curve) qD = k,, and U, = 5 x lo4 cm s-l and we choose wo = 2 meV. The 7;' - T"(T) 
(0 < n(T) < 2) behaviour is clearly seen in that figure for all the values of cF. It  is 
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Figure 1. The temperature dependence (in 
units of the subband energy F u o )  of the relax- 
athnraterp-: (inunitsof 7:' = 2m*cZ/Apmv,h 
defined by (7)) due to the electron-acoustic 
phonon scattering in a 410 system for three dif- 
ferent values of the Fenni energy CF. Relaxation 
rates with temperature dependences of T'1' and 
T are dram in the upper right of the figure for 
comparison purposes. 

Figure 2. The density dependence (through the 
variation of Fermi energy LF in units of the sub- 
band energy hwo) of the relaxation rate rpyl (in 
units of rF1 = 2m*Z/Ap,u,h defined by (7)) 
due to the electron-amustic phonon scattering in 
a Q ~ D  at two &fierent temperatures. 

interesting to note that in the typical temperature ranges 0.1 < k B T / h w o  < 0.4 and 
10 K < k,T < 30 K, T&' has approximately a linear dependence on T .  

Next, we study the Fermi energy cF dependence of (7) for 7;'. A direct analysis 
of (7) shows that 7;' has the following properties: 

(i) when cF increases to a point where electrons start to fill another subband, 
there appears many new terms in the sum of (7) and the magnitude of 7;: increases 
dramatically; 

(ii) when the value of cF changes but with a fixed number of populated subbands 
in the system, 7;' has a maximum value at  the region where the Fermi velocity of the 
electrons of the top populated subbands vFn is close to ws, where the sum appearing in 
(7) becomes relatively large. These features of T&' are illustrated by figure 2, where 
we plot 7;; (in units of 1;') against cF (in units of w o )  at k B T / h w o  = 0.1 and 0.2. 
From figure 2, one concludes that for a pure electron-phonon QlD system, TZ' is an 
oscillating function of cF/hwo with an increasing trend. I t  peaks when eF is close to 
the bottom of the top populated subband and dips when zF is near the lowest empty 
subband. 

In conclusion, we have derived an analytic expression (5) for the imaginary part of 
the density response function for a semiconductor quantum wire with multi-populated 
subbands at finite temperature, and demonstrated that the GLE formalism is ideal 
for evaluating the phonon-limited low temperature mobility for the semiconductor 
quantum wires. Our results show that the acoustic phonon-limited relaxation rate 
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has a temperature dependence of T"(*), with 0 < n(T) < 2, and the lower the 
temperature the larger the n(T) value. Also, in the typical experimental temperature 
range (1 < T < 10 K) for the semiconductor quantum wire, n ,.. 1. In studying the 
density dependence, we find that whenever the Fermi velocity of the electrons in the 
top populated subbands is close to the sound velocity the phonon-limited relaxation 
rate reaches peak values which also increase with the increasing electron density. 

G Y Hu and R F O'Connell 
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